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An application of the Gibbs-Duhem integration [D. A. Kofke, J. Chem. Phys., 98,4149 (1993)l for 
the duect evaluation of solid-liquid equilibria by molecular dynamics is presented. The Gibbs- 
Duhem integration combines the best elements of the Gibbs ensemble Monte Carlo technique and 
thermodynamic integration. Given conditions of coexistence at one coexistence point, simultaneous 
but independent constant pressure-constant temperature molecular dynamics simulations of each 
phase are carried out in succession along saturation lines. In each simulation, the saturated 
pressure is adjusted to satisfy the Clapeyron equation, a first-order nonhnw differential equation 
that prescribes how the pressure must change with the temperature to maintain coexistence. The 
Clapeyron equation is solved by the predictor-corrector method. Running averages of enthalpy 
and density of each phase are used to evaluate the right-hand side of the Clapeyron equation. The 
Gibbs-Duhem integration method is applied to a two-centre Lennard-Jones system with elonga- 
tion 0.67. The starting coexistence point is determined as the point of intersection of solid and 
liquid isotherm branches in the pressure vs chemical potential plane. 

Keywords: Solid-liquid equilibria; Gibbs-Duhem Integration; Clapeyron equation 

1 INTRODUCTION 

Prediction of solid-liquid equilibria (SLE) by thermodynamic integration is 
tedious and time-consuming work. It involves calculation of the equation of 
state and free energy for liquids and solids at temperatures of interest 
[l-31. Then, a solid-liquid coexistence point is obtained as the point of 
intersection of solid and liquid isotherm branches in the pressure us chemi- 
cal potential plane [4]. 
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44 M. LISAL AND V. VACEK 

In principle, the Gibbs ensemble Monte Carlo (GEMC) technique [ IS ]  
can also be applied to SLE. However, at high densities, the particle transfer 
step in the GEMC method has a very low probability of acceptance [6]. 
Hence, practical application of the GEMC technique to SLE seems prob- 
lematic or even impossible. 

Recently, Kofke [7] has proposed a new method for the direct evaluation 
of phase coexistence by molecular simulations: the Gibbs-Duhem integra- 
tion. He applied it to vapour-liquid equilibria of Lennard-Jones fluid [7,8] 
and Lennard-Jones mixtures [9]. The Gibbs-Duhem integration was also 
utilized to calculate vapour-liquid equilibria for molecular model fluids 
and mixtures by molecular dynamics (MD) [lo-123. The Gibbs-Duhem 
integration combines the best elements of the GEMC technique and ther- 
modynamic integration. The method, like the GEMC, entails simultaneous 
but independent simulations of each phase. The mechanism for equating the 
chemical potential is the Clapeyron equation. Hence, in contrast to the 
GEMC, no particle insertion is necessary. Starting at a state point for which 
the two phases are known to be in equilibrium, the Gibbs-Duhem integra- 
tion method can be used to trace out the phase diagram directly and 
efficiently. 

In this paper, we show how the Gibbs-Duhem integration can be ap- 
plied to the SLE of molecular substances. As an example, we took the 
two-centre Lennard-Jones (2CLJ) system with elongation 0.67 for which 
vapour-liquid equilibria has already been determined [12,13]. The elon- 
gation 0.67 corresponds to a halogenes-type of molecule. The next section 
describes the Clapeyron equation and its numerical solution by 
predictor-corrector methods. Section 3 gives the 2CLJ potential and 
simulation details. Section 4 predicts the starting solid-liquid coexistence 
point by the thermodynamic integration. Section 5 contains results of SLE 
obtained by the Gibbs-Duhem integration. Finally, we give conclusions in 
Section 6. 

2 CLAPEYRON EQUATION 

The Clapeyron equation 171 can be written in the Lennard-Jones reduced 
units (denoted by asterisk) [6] as 

T* h,* - h,* 
* = f ( l / T * ,  P * ) ,  
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SOLID-LIQUID EQUILIBRIA 45 

where p* is the pressure, T* is the temperature, h*l and h*, are the liquid 
and solid enthalphy, and p * l  and p*s are the liquid and solid number 
density. The subscript 0 indicates that the derivative is taken along the 
saturation line. Equation (1) is a first-order nonlinear differential equation 
that prescribes how the pressure must change with the temperature for 
liquid and solid phases to remain in coexistence. 

Given an initial condition, i.e., the pressure, temperature, f (  l/T*, p*) ,  and 
equilibrium liquid and solid configuration at one coexistence point, 
Equation (1) can be solved numerically by a predictor--corrector method. 
We successfully applied the Adams predictor-corrector [7, 141 

to calculate the pressure. In Equations (2) and (3) ,  y stands for In p*,  f for 
f ( l /T*,p*) ,  P for the predictor, and C for the corrector; AP  is the step in the 
l/T*. The Adams algorithm requires four prior simulations. To perform the 
start-up, first, pressure at the first simulation point was predicted by the 
trapezoid predictor-corrector 

Then, the midpoint predictor-corrector 

was used to determine the pressure at  the second point. Finally, the mid- 
point predictor 
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46 M. LISAL AND V. VACEK 

with the Adams corrector 

was used to compute the pressure at the third point. The quantities needed 
to evaluate the right-hand side of the Clapeyron equation were obtained 
from simultaneous but independent constant pressure-constant temperature 
(NPT) MD simulations of the liquid and solid phases. 

3 SIMULATION METHOD 

3.1 Intermolecular Potential 

The 2CLJ molecules consist of two interaction centres at a distance 1 apart 
which interact via the Lennard-Jones 12-6 potential. The 2CLJ potential, 
U2CL.r) is 

UZCLJ = 
a =  1 b =  1 'ab 'ab 

where lab is the distance between atom a of molecule i and atom b of 
molecule j ,  and E and 0 are the Lennard-Jones energy and size pa- 
rameters. 

3.2 Simulation Details 

NPT MD simulations of the liquid phase were carried out using the Ander- 
sen method [6] and those of the solid phase were proceeded by the 
Parinello-Rahman method [ 15,163. The temperature was kept constant by 
the isokinetic scaling of translation and angular velocities after every time- 
step. The equations of translation and cell motions were solved by the Gear 
predictor-corrector algorithm of the fifth order. The rotational motion was 
treated by the method of quaternions, and it was also solved by the Gear 
predictor-corrector algorithm of the fifth order [6]. The minimum image 
convention, periodic boundary conditions, and a cut-off radius equal to (a) 
half-box length for liquid simulations and (b) 90% of minimum half-box 
length for solid simulations were used. The long-range correction of the 
potential energy, pressure and pressure tensor was included, assuming that 
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SOLID-LIQUID EQUILIBRIA 41 

the radial distribution function is unity beyond the cut-off radius [6]. The 
membrane mass M = 5 .  the box mass W= 2, and the integration steps 
At* = 0.003 for liquid simulations and At * = 0.001 for solid simulations 
were used. 

The free energy computations are necessarily carried out at  a constant 
number of particles, volume and temperature, and a fixed box shape. This 
was easily achieved by the setting of membrane mass M and box mass W to 
large values. Thus, the cell motion was suppresed [6]. The box shape 
chosen for the free energy computations must be the equilibrium shape of 
the M D  cell at the corresponding density [17]. 

During MD simulations, we also evaluated the diffusion coefficient D, 

where 

the translation order parameter ~ ( k ) ,  

p ( k )  = { [’ N i=l  5 cos (k . ri) ]’)”’, (13) 

and the rotational order parameter P,, 

I N  

in order to obtain additional information on the development of the 2CLJ 
system with elongation 0.67. In Equations(11-14), t is the time, N is the 
number of molecules, ri is the centre-of-mass position of molecule i, k is the 
reciprocal lattice vector of the initial lattice, and ejn and ei are the unit 
vectors along molecular axis of molecule i in the initial and running con- 
figurations, respectively. If the limit (11) converges rapidly to a nonzero 
value, the system contains a fluid phase. The mobility of molecules in glassy 
or solid states is much lower and in such cases (1 1) converges slowly or not 
at  all, while (12) fluctuates around a constant value describing a molecule 
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48 M. LISAL AND V. VACEK 

vibrating in a cage [18]. The translation order parameter is of order unity 
for a translation order structure, and positive and of order 1/@ for a 
translation disorder structure. Similarly, the rotational order parameter is of 
order unity for a rotational order structure and fluctuates around zero with 
amplitude c! ( l / f i )  when the structure is rotationally disordered [6]. 

4 STARTING SOLID-LIQUID COEXISTENCE POINT 

Phase equilibrium requires that temperatures, pressure and chemical potential 

P* p* = f *  + 7 
P 

wheref* is the Helmholtz free energy, have to be the same in both regions. 
A solid-liquid coexistence point can be determined as the point of intersec- 
tion of the solid and liquid isotherm branches in the p * - p *  plane [4]. 
Hence, determination of the solid-liquid coexistence point at  a given tem- 
perature requires knowledge of the equation of state and free energy in both 
phases. Calculation of the equation of state and free energy for the 2CLJ 
system with elongation 0.67 was performed at  T* = 1.45, i.e., at reduced 
temperature T*/T: - 0.65. Estimated critical parameters for this system 
[13] are T,* = 2.3355, p: = 0.17526 and p r  = 0.1367. 

4.1 Equation of State 

4. I .  1 Liquid 

We carried out Andersen NPT MD simulations of liquid phase with 256 
molecules in a cubic box for pressures up to p* = 80. The simulation started 
at a low pressure (at a state point near the liquid coexistence curve), and 
then, higher pressures states were obtained by compression of the final 
configuration of a previous run. Starting configuration and pressure were 
the final configuration and pressure of a preliminary constant volume-con- 
stant temperature M D  simulation. At each state point, the structure was 
allowed to relax 20000 timesteps from the final configuration of a previous 
simulation. The subsequent production run took 5oooO timesteps. Table I 
summarizes results of liquid simulations. The equation of state is also 
shown in Figure 1. 
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SOLID-LIQUID EQUILIBRIA 49 

TABLE I The equation of state for the two-centre Lennard- 
Jones system with elongation 0.67 in the liquid phase at reduced 
temperature 1.45. Pressures, number densities and internal en- 
ergies are given in reduced units p * = p u 3 / ~ ,  p * = p a 3  and 
u* = U / N E ,  where N is the number of molecules, and E and u 
are the Lennard-Jones energy and size parameters. Deviations 
were calculated by dividing the whole simulation run into sev- 
eral blocks, each comprised of loo0 consecutive steps 

T* = 1.45 
P* P* U* 

0.15 0.4593( 19) - 11.46(5) 
0.3 0.4652(18) - 11.61(5) 
0.5 0.4720(16) - 11.77(5) 

2.0 0.5076( 12) - 12.59(4) 
4.0 0.5377(8) - 13.16(3) 
6.0 0.5598(8) - 13.49(3) 

10.0 0.5930(6) - 13.82(3) 
15.0 0.623 l(6) - 13.88(3) 
20.0 0.6467(6) - 13.73(3) 
25.0 0.6659(5) - 13.43(3) 
30.0 0.6832(8) - 13.09(5) 
35.0 0.6984(10) - 12.70(6) 
40.0 0.7115(8) - 12.21(5) 

1 .o 0.4862115) - 12.1 l(5) 

45.0 0.7241(7) - 11.74(3) 
50.0 0.7340(5) - 11.12(3) 
55.0 0.7443(4) - 10.57(2) 
60.0 0.7532(3) - 9.95(1) 
65.0 0.762q1) - 9.3(ql) 
70.0 0.7697(2) -8.66(1) 
75.0 0.7770(1) - 7.99(1) 
80.0 0.7839( 1) -7.31(1) 

4.1.2 Solid 

It is difficult or even impossible to establish a priori a stable structure of 
2CLJ solids. Hence, we used as an initial configuration a close packed (CP) 
structure which tends to be the most stable, at  least at  very high pressure 
[19]. We chose the CP structure in which molecules of the 2CLJ solid with 
elongation 0.67 were stacked in layers parallel to the plane formed by a and 
c cell vectors. The molecules in the layer were arranged into triangular 
sequences with molecular axes parallel to each other. As in the CP struc- 
tures used by Vega et al. [20] for hard dumbbells, we tilted molecular axes 
from the z direction by an angle equal to arcsin (I,/$), where L = l/o is the 
elongation. In the initial configuration, the a cell vector coincidented with 
the x Cartesian axis and the a, b plane laid in the x, y plane. The initial MD 
box contained 144 (6 x 6 x 4) molecules, and we set the ratio of cell lengths 
a:  b: c equal to 6:6:4(1+ L). 
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50 M. LISAL A N D  V. VACEK 

We performed Pamnello-Rahmann NPT MD simulations for the CP solid, 
starting at pressure p* = 100. Starting density was determined by trial and 
error in order to make the pressure at the first timestep roughly equal to the 
starting pressure p* = 100. Then, lower pressures states were achieved by ex- 
pansion of the h a 1  configuration of a previous run. As in the liquid simulation, 
at each state point, the structure was allowed to relax 4oooO timesteps from the 
final configuration of a previous simulation. The length of the subsequent 
production run was 1OOOOO timesteps. The C P  structure remained mechani- 
cally stable with only a small change in the ratio of a: b: c in respect to that of 
the initial C P  structure, and with hgh  translation and rotational order. The 
system was expanded until order parameters approached values typical for 
isotropic distribution, and the solid melted and jumped to the fluid branch. 
Table 11 presents results of solid simulations. The equation of state for the CP 
solid is also displayed in Figure 1. Figure 2 plots translation and rotational 
order parameters for the CP solid as a function of pressure. 

It is important to note that the solid-liquid transition exhibits hysteresis 
[17]. The isotropic fluid can be overcompressed and the solid can be 

1 00 

90 

80 

70 

60 

* 
Q 50 

40 

30 

20 

10 

0 
0.45 0.50 0.55 0.60 0.65 0.70 0.75 0.80 0.85 

P” 

FIGURE 1 The equation of state for the two-centre Lennard-Jones system with elongation 
0.67 at reduced temperature 1.45. The points are NPT M D  simulation results and lines 
correspond to cubic spline fit. 
( 0. -: liquid; 0, - - -: close packed solid). 
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SOLID-LIQUID EQUILIBRIA 51 

TABLE I1 The equation of state for the close-packed two-centre Lennard-Jones solid with 
elongation 0.67 at reduced temperature 1.45. Pressures, number densities and internal energies 
are given in reduced units p* = pa3/&, p* = po3 and u* = U/N&,  where N is the number of 
molecules, and E and u are the Lennard-Jones energy and size parameters. Quantities a, b and c 
are the cell lengths, (a, b) is the angle between a and b cell vectors, (a, c) is the angle between a 
and c cell vectors, and (b, c) is the angle between b and c cell vectors. Deviations were 
calculated by dividing the whole simulation run into several blocks, each comprised of 1000 
consecutive steps 

~~ ~ 

100.0 0.8305(1) -6.42(4) 5.926 5.940 6.131 59.99" 71.18" 73.73" 
80.0 0.8059(1) -9.16(1) 6.009 6.005 6.191 59.78" 70.95" 70.91" 
60.0 0.7760(2) - 11.73(1) 6.096 6.092 6.301 59.79" 70.17" 69.95" 
40.0 0.7367(2) - 13.93(1) 6.217 6.204 6.324 59.93" 71.01" 71.31" 
35.0 0.7248(2) - 14.45(1) 6.248 6.251 6.342 59.93" 71.30" 71.19" 
30.0 0.7113(3) - 14.89(1) 6.297 6.289 6.405 59.98" 70.40" 71.06" 
27.5 0.7041(3) - 15.12(1) 6.321 6.319 6.439 59.91" 70.24" 70.37" 
25.0 0.696113) - 15.30(1) 6.345 6.342 6.428 60.02" 70.47" 70.83" 
22.5 0.6875(3) - 15.44(1) 6.373 6.376 6.451 60.00" 70.44" 71.02" 
20.0 0.6781(4) - 15.56(2) 6.410 6.406 6.468 60.00" 70.90" 70.69" 

15.0 0.6561(6) - 15.69(2) 6.487 6.496 6.549 59.97" 70.22" 70.10" 
12.5 0.6427(8) - 15.67(3) 6.547 6.541 6.564 59.97" 70.35" 70.47" 
10.0 0.6270(10) - 15.55(4) 6.612 6.615 6.582 59.98" 70.46" 70.52" 
9.0 0.6193(12) -15.44(5) 6.646 6.648 6.603 60.02" 70.34" 70.31" 
8.0 0.6116(15) -15.35(7) 6.685 6.689 6.807 59.96" 6729" 67.37" 

17.5 0.6675(5) - 15.62(2) 6.448 6.451 6.510 59.95" 70.40" 70.45" 

overexpanded. Hysteresis effects are clearly visible in Figure 1. Thus, the 
solid-liquid coexistence point cannot be directly extracted from the equa- 
tion of state. 

4.2 Free Energy 

The Helmholtz free energy at a density p* is given by the thermodynamic 
integration [21] as 

Equation (16) requires the knowledge of absolute free energy f*(p:). It can 
be computed by thermodynamic integration as the free energy difference 
between convenient reference state (for which the free energy can be 
calculated analytically) and given state 1. To calculate this difference, a 
reversible path [21] is designed that transforms the potential between the 
reference and given system 1 at a constant number of particles, volume and 
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52 M. LISAL AND v. VACEK 

h x 
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0 50 100 

P* 

FIGURE2 Translation order parameter p(k) and rotational order parameter P ,  for the 
close-packed two-centre Lennard-Jones solid with elongation 0.67 as a function of pressure p* 
(0, -: p ( k ) ;  e, - - -: PI). Lines are drawn only as a guide to the eye. 

temperature, and a fixed box shape. Suppose that the transformation is a 
linear function of transformation parameter Ak, where k is the integer and 1 
occurs in the range [O, 11. The potential energy of the system U at a point of 
the transformation is 

The free energy difference between the two states is given by the ther- 
modynamic integration as 

where ( .) denotes an ensemble average. To calculate the free energy differ- 
ence between the two systems, simulations at several values of A are per- 
formed and the integral is calculated numerically. 
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SOLID-LIQUID EQUILIBRIA 53 

4.2.1 Liquid 

The absolute Helmholtz free energy was computed at pT = 0.46. The liquid 
state (A = 1) was changed continuously to the ideal gas (reference) state 
(A = 0) by switching off the interaction potential proportionally to I14. The 
path was started from I I  = 1, and each successive simulation at lower A used 
a previous configuration as its starting point. At each A point, the structure 
was equilibrated 20000 timesteps and subsequent production run took 
50000 timesteps with the integration step At* = 0.003. Pressure was always 
positive during transformation. For the numerical evaluation of the integral 
in Equation (18), we used 10-point Gauss-Legendre quadrature [14]. We 
also performed the free energy computations using the path from the ideal 
gas to liquid to prove that the integration path is reversible. Results of both 
free energy measurements were almost identical and are shown in Figure 3. 
Free energy of ideal gas, f z ,  (without a temperature-dependent constant 
that does not affect the phase equilibrium) is given as 

f $  - f *  (A = 0) = T* (In p? - l), (19) 

A x 
? 
3 
cg 
V 

1 .oo 0.50 0.00 

h 
FIGURE 3 The integrand of equation (18) (au*/al) (0, -) and pressure p* (0, - - -) as a 
function of transformation parameter 1 during the transformation from ihe liquid to the ideal 
gas. Points are M D  simulation results and lines correspond to cubic spline fit. 
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54 M. LISAL AND V. VACEK 

and has the value - 2.576. The computed free energy difference between the 
liquid and ideal gas is Af*  = - 5.879. Kriebel et a/. [13] calculated chemi- 
cal potential for the 2CLJ system with elongation 0.67 by the Widom test 
particle insertion method [6] on the vapour-liquid coexistence curve. We 
used their value of chemical potential and the obtained equation of state, 
and calculated the absolute free energy at the state point considered, i.e., at 
T* = 1.45 and p: = 0.46. We obtained the value f * = - 8.52, which is in 
excellent agreement with our valuef* = - 8.46. 

4.2.2 Solid 

The absolute Helmholtz free energy was evaluated at p: = 0.8296. A non- 
interacting Einstein crystal [17] was used as the reference system. The non- 
interacting Einstein crystal can be obtained by placing a solid in the strong 
external field 

N N 

Uref= il C (r, - rp)2 + i12 C sin2 a,. (20) 
i = l  i = l  

In Equation (20), A 1  and A2 are large coupling constants, ri - rp is the 
displacement of molecule i from its equilibrium position, and CL, is the angle 
between the axis of molecule i and the axis of molecule i in equilibrium 
position. Free energy of the noninteracting Einstein crystal, f f , (without a 
temperature-dependent constant that does not affect the phase equilibrium) 
can be calculated analytically [20] as 

where 

AT = A,/(k,T/02) and 1”: = A2/(k,T);  with k ,  denoting the Boltzmann con- 
stant. The coupling constants were chosen to have the same values in 
reduced units, i.e., A: = 1.: = E.* and we used A* = 8000. The free energy of 
the noninteracting molecular Einstein crystal is f,* = 30.38. 

The solid was transformed from the ‘realistic’ crystal (A = 1) to the non- 
interacting Einstein crystal (3, = 0) in 19 discrete steps by switching off the 
interaction potential proportionally to A 2  and switching on the external 
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field proportionally to (1 - A’). The starting configuration for each simula- 
tion was a final configuration produced at a previous, higher, 1 value. 
Typically at each 1 point, the structure was equilibrated 40000 timesteps, 
and the following production run took 200000 timesteps with integration 
step At* = 0.00025. Transformation was then reversed to reproduce the 
‘realistic’ crystal. Results of both free energy measurements were nearly 
identical and are plotted in Figure4. We fitted the integrand in 
Equation (18) to cubic spline and evaluated the integral in Equation (18) by 
Simpson’s rule. The calculated free energy difference between the solid and 
noninteracting Einstein crystal is Af * = - 19.73, and the absolute free en- 
ergy at the state point considered, i.e., at T* = 1.45 and pT = 0.8296 is 
f * = 10.64. 

The intersection of solid and liquid isotherm branches in the pressure us 
chemical potential plane is at p* = 31.21 1 and p* = 42.950. Thus, the start- 
ing solid-liquid coexistence point at T* = 1.45 has the following para- 
meters: p,* = 31.211, pf = 0.6870(6), p: = 0.7148(2), hf = 36.05(7) and 
h,* = 32.47(5). 

h 

x 
FIGURE 4 The integrand of equation (18) (au*/aI) (0: MD simulations, -: cubic spline fit) 
as a function of transformation parameter I during the transformation from the close-packed 
solid to the noninteracting Einstein crystal. 
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5 SOLID-LIQUID EQUILIBRIA BY GIBBSDUHEM 
INTEGRATION 

The Gibbs-Duhem integrations were performed for the 2CLJ system 
with elongation 0.67 between temperatures 1.45-3.86, and 1.45-triple 
temperature. We proceeded with the Gibbs-Duhem integration method 
in the following manner. Starting from the solid-liquid coexistence point 
at T* = 1.45, the temperature was increased (decreased) and the pre- 
dictor pressure was calculated according to Equation (4). Afterwards, the 
liquid and solid configurations were allowed to relax by 20000 and 
40000 timesteps, respectively. At the end of the relaxation period, all 
accumulators were set to zero. The subsequent production run of the 
liquid and solid phases was divided into two timeblocks. The timeblocks 
contained 25000 and 50000 timesteps each for the liquid and the solid 
phase, respectively. After each timeblock was completed, the computed 
running averages of liquid and solid number density, and liquid and 
solid enthalpy, were used to evaluate the right-hand side of the 
Clapeyron equation, and thus, to calculate the corrector pressure ac- 
cording to Equation (5). Then, the temperature was again increased (de- 
creased) and the process was repeated. The predictor and corrector 
pressures were evaluated according to appropriate equations: Equations 
(2,3 and 6-9). The reciprocal temperature 1/T* was increased (de- 
creased) in constant steps Aj? of 0.0012 (0.016). At each temperature, the 
NPT M D  simulations of the liquid and solid phase were carried out 
simultaneously but independently, using Andersen and Parinello-Rahmann 
algorithms, respectively. 

Results of SLE obtained by the Gibbs-Duhem integration for the 
2CLJ system with elongation 0.67 are listed in Table I11 for selected 
temperatures. Figure 5 shows the solid-liquid coexistence pressure as a 
function of temperature, and Figure 6 displays the phase diagram. Va- 
pour-liquid equilibria data for the 2CLJ system with elongation 0.67 
were taken from Kriebel et a / .  [13]. Triple temperature T:  z 0.62 was 
estimated as the temperature where the solid-liquid coexistence pressure 
determined by the Gibbs-Duhem integration was zero. The ratio of 
T:/T,* is about 0.27 and the triple number density has the value 
p: z 0.573. The density jump at freezing is about 7.2% at the triple 
temperature, that is, about 3.6% at the critical temperature, and is about 
3.3% at T* = 1.65 TF. 
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0 

Triple Temperature Critical T m r a t t r e  

0 1 2 3 4 

T" 

FIGURE 5 
two-centre Lennard-Jones system with elongation b.67 (0: the Gibbs-Duhem integration). 

Solid-liquid coexistence pressure p* as a function of temperature T* for the 

* 
t- 

0.00 0.30 0.60 0.90 

P* 
FIGURE 6 Phase diagram for the two-centre Lennard-Jones system with elongation 0.67 (-: 
vapour-liquid coexistence lines [13]; - - -: extrapolation of liquid coexistence line; 0: liquid 
(fluid) coexistence line by the Gibbs-Duhem integration; 0: solid coexistence line by the Gibbs- 
Duhem integration). The estimated critical [13] and triple points are indicated by squares. 
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6 CONCLUSIONS 

We directly evaluated the solid-liquid equilibria by M D  simulations using 
the Gibbs-Duhem integration method [7]. The Gibbs-Duhem integration 
method, like the GEMC, performed simultaneous but independent simula- 
tions of each phase. However, in contrast to the GEMC, the Gibbs-Duhem 
integration does not require particle insertion. The Gibbs-Duhem integration 
method was applied to the 2CLJ system with elongation 0.67. The necessary 
initial coexistence point for initiation of the Gibbs-Duhem integration was 
determined as the point of intersection of solid and liquid isotherm 
branches in the pressure us chemical potential plane. Solid-liquid equilibria 
for the 2CLJ system with elongation 0.67 was determined between triple 
temperature and 1.65 times critical temperature. Ratio of triple to critical 
temperature was estimated to be about 0.27 and that of triple to critical 
number density to be about 3.27. 
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